Recently, de Visser and Blaauboer [Phys. Rev. Lett. 96, 246801 (2006)] proposed the most efficient deterministic teleportation protocol T for electron spins in a semiconductor nanostructure consisting of a single and a double quantum dot. However, it is as yet unknown if T can be completed before decoherence sets in. In this paper we analyze the detrimental effect of nuclear spin baths, the main source of decoherence, on T . We show that nonclassical teleportation fidelity can be achieved with T provided certain conditions are met. Our study indicates that realization of quantum computation with quantum dots is indeed promising.
Quantum teleportation [1] provides a means to the complete transfer of quantum information from one particle to another. It is a possible primitive for large-scale quantum computers [2] . Recently, de Visser and Blaauboer [3] proposed the most efficient deterministic teleportation protocol T for electron spins in a semiconductor nanostructure consisting of a single and a double quantum dot. This is an important step in the realization of quantum computation [4] with quantum dots, first proposed by Loss and DiVincenzo [5] .
The total duration of the teleportation process is estimated to be between 150 and 250 ns [3] . This estimate is based on the experimental fact that the duration of an electronspin resonance (ESR) rotation is roughly 50 ns for magnetic fields of 1 mT. For typical GaAs quantum dots, due to interaction with the environment, the electron spin decoheres very quickly, on a time scale of order of nanoseconds [6, 7, 8] . It is as yet unknown if the protocol T can be completed before decoherence sets in. In the experimentally relevant regime of moderate magnetic fields (less than a few T) and temperatures of tens or hundreds of mK, the decoherence is largely due to the bath of N nuclear spins. For temperatures as low as 100 mK, in the case of GaAs quantum dots, the state of the spin bath is given by
N [7, 8] . Here, 1 k is the identity matrix for the kth nuclear spin.
In this paper, we show that one is able to achieve nonclassical teleportation fidelity with T in the presence of decoherence caused by the nuclear spin baths. For instance, provided we have the means to create an ESR square pulse of 6 mT amplitude, we could complete T in τ tot ≈ 7.3 ns and attain a teleportation fidelity of Φ ≈ 93%. To this end, we consider each electron coupled via the contact hyperfine interaction to the bath of N nuclear spins and to an external magnetic field B 0 . The Hamiltonian is given by
H 0 = 2µ b B 0 , where the Bohr magneton µ b = eh/2m e ≈ 5.788 × 10 −5 eV/T. S is the operator of the electron spin and α could be x, y, or z, depending on if B 0 is applied along the x-, y-, or z-direction. With I k the operator of the kth bath spin (k = 1, 2, · · · , N), the total nuclear spin of the bath I = k I k . A is the contact hyperfine coupling. For a typical GaAs quantum dot with the electron delocalized over N = 10 6 nuclear spins, A ≈ 10 −10 eV [9] .
We note that the accuracy of our prediction of τ tot depends on that of A and therefore N.
Hence, precise measurements of τ tot and Φ may yield more accurate values of A and N. In the following, we present our results alongside the steps in T .
Step 0. 
where a = cos θ/2 and b = exp iφ sin θ/2 with 0 ≤ θ ≤ π and 0 ≤ φ ≤ 2π. The initial total state of qubits A 1 , A 2 and B is thus given by
Step 1. For electron spins in quantum dots, since there is no measurement technique available for full Bell measurements, the first step in T unitarily transforms
where the √ SWAP operator
This is achieved by turning on the exchange interaction between electron spins in quan- Mathematically, it is therefore difficult to consider the effect of the nuclear spin baths on the dynamics of qubits A 1 and A 2 . However, we note that the duration of the √ SWAP operation is only about 0.18 ns [8] . This is tiny compared to 10 ns [7, 8] , the time interval necessary for the baths to have significant influence. So, we ignore the baths and
Step 2. Immediately after the √ SWAP operation, Alice subjects her qubit A 1 to a singlequbit rotation by ϑ (= −π) about an axisn = (cos ϕ, sin ϕ, 0):
Ideally, without considering the effect of the nucelar spin baths, we would have
Here, for simplicity, we consider single-qubit rotation about the x-axis or ϕ = 0. Conse-
. This is effected by applying an ESR pulse to qubit A 1 , described by the Hamiltonian H rot = H 0 S x . Since the duration of an ESR rotation is about 50 ns for magnetic fields of 1 mT, it is important we take into account the decohering effects of the individual nuclear spin baths. For qubit A 1 , this is accomplished by considering the unitary dynamics of A 1 and its associated spin bath, which is generated by H in Eq. (1) with α = x. The open system dynamics of A 1 can then be determined by tracing over the spin bath degrees of freedom. This is described by a completely positive, trace-preserving map E x , defined by
Here,
and with erf being the error function [9] ,
To analyze the effect of the nuclear spin bath on the single-qubit rotation, we define the gate fidelity averaged over all possible |ψ :
where |χ = R (x) (π)|ψ , and In Eqs. (8) and (9), we have defined λ ≡ H 0 /A and from there on we set both A = 1 and h = 1. From Table I , we note that with smaller B 0 , not surprisingly, it takes a longer time to reach a lower gate fidelity. In particular, it takes about 13 ns to reach a gate fidelity of 0.72.
We emphasize that this calculation is based on the assumptions that N = 10 6 , A ≈ 10
eV, and B 0 is in the form of a square pulse. These should account for how it differs from the experimentally measured 50 ns duration for an ESR rotation. While qubit A 1 is being rotated, the dynamics of qubits A 2 and B are also affected by their individual nuclear spin baths. The system with bath dynamics is generated by H with B 0 = 0. The open system dynamics of A 2 or B can again be derived by tracing over the respective bath degrees of freedom, and is given by another completely positive, trace-preserving map E z , defined by
γ ≡ 1/2 lim B 0 →0 R 1 and Z ≡ lim B 0 →0 W . The conjugate of γ, γ * = γ since γ is real. To determine the effect of the spin baths on the qubits, we calculate 1 4π
For t = 0.18 ns, (2+γ −Z)/3 ≈ 0.999907, which justifies the above assumption that the spin baths have negligible effects during the √ SWAP operation. This does not apply during the single-qubit rotation, especially when B 0 is small. Therefore, we have a mixed state given by the density operator Γ 2 instead of |Γ 2 A 1 A 2 B . Γ 2 is obtained by applying E x and E z 's to
Step 3. Alice applies another √ SWAP operation to qubits A 1 and A 2 , and completes the unitary transformation necessary to turn the Bell basis into the standard basis Alice's measurement result jk Bob's unitary recovery operation U jk 00 U 00 = e −iπ/4 Rx(
11 {|00 , |01 , |10 , |11 } (see Ref. [3] ). Again, ideally we would have
The unitary transformations U jk are defined in Table II . However, taking into account the effects of the nuclear spin baths, we instead have
As in Step 1, we assume that the nuclear spin baths to have negligible effects here.
Step 4. Alice performs single-qubit projective measurements on her qubits, A 1 and A 2 , in the standard basis {|0 , |1 }. This is described by the following set of projectors.
From Eq.(15), we can easily deduce the resulting states of Bob's qubit corresponding to each of Alice's measurement outcomes. Similarly, we can derive from Eq.(16) the state of qubit B given that Alice obtains the measurement outcome jk:
j, k ∈ {0, 1} and p jk = tr[M jk Γ 3 ] is the probability of outcome jk. Assuming single-shot readout is fast, we can neglect the spin baths here too. The fidelity of σ jk with respect to U † jk |ψ averaged over all possible jk's and |ψ is given by Comparing Table III with Table I , we note that the single-qubit projective measurements clearly "amplify" the noise and thus we have a fidelity smaller than the corresponding gate fidelity G x (π). For instance, when B 0 = 6 mT, it takes about 2.9 ns to reach a fidelity of 0.94. This effect is especially serious when B 0 is small -it takes about 9.4 ns to reach a fidelity of only 0.57 if B 0 = 1 mT. We also observe interestingly that when B 0 is small, i.e., when τ x (π) is close to or greater than 10 ns, we have τ < τ x (π). It means that one is able to achieve a higher F before time t = τ x (π), when the decohering effects of the baths become substantial.
Step 5. It is clear from Eq.(15) that, in the ideal case, upon receiving Alice's measurement result, Bob can always recover |ψ B by applying to his qubit B appropriate unitary operation U jk given in Table II . Each U jk is composed of single-qubit rotations R (x) and R (ŷ) about the x-and y-axes respectively. As in Step 2, R (ŷ) is generated by the Hamiltonian H rot = H 0 S y .
It is again important to consider the nuclear spin bath. The open system dynamics of B, in this case, is described by the completely positive, trace-preserving map E y , defined by
The gate fidelity averaged over all possible |ψ is given by
Here, |φ α = R (α) (π/2)|ψ and α = x or y. Comparing Table IV with Table I , we observe that τ α (π) ≈ 2τ α (π/2) for B 0 ≥ 2. For instance, with B 0 = 6mT, it takes about 1.5 ns to reach a gate fidelity of 0.99. However, when B 0 = 1 mT, we note a deviation from the above observation. It is a manifestation of the nonlinearity of open-system dynamics, which becomes apparent if B 0 is small and the respective τ α (π/2) and τ α (π) are large. This nonlinearity also affects the composition of gates. To see this, we calculate the composite gate fidelity
In Eq.(22), + applies when jk = 00 or 11, and − when jk = 01 or 10. And,
3 . This is obviously true when B 0 = 1 mT, where in fact
However, for large enough
Finally, to determine the impact of the nuclear spin baths on the protocoal T , we calculate the teleportation fidelity
where 
From Table VI , we conclude that one can achieve nonclassical teleportation fidelities of greater than 2/3 [10, 11] when B 0 ≥ 2 mT. Together with Table III and Table V , we deduce that Φ ≈ F × [G α (π/2)] 3 and τ tot ≈ τ + τ com , with the approximations becoming better with increasing B 0 .
In conclusion, we have carried out the first detailed study of the decohering effects of nuclear spin baths on the teleportation protocol T , proposed by de Visser and Blaauboer in Ref. [3] . We give the completely positive, trace-preserving maps that describe the opensystem dynamics of electron spins in a semiconductor nanostructure consisting of a single and a double quantum dot. This allows us to identify the single-qubit measurements as the source of noise amplification. It also enables us to pinpoint when nonlinearities of the quantum evolutions become significant. These are important points to note when one adapts our studies to the practical situation where B 0 is not in the form of a square pulse. They must also be considered in feasibility studies of quantum information processing proposals involving quantum dots, such as that in Ref. [12] . Our results show that it is possible to achieve nonclassical teleportation fidelity with T in the presence of decoherence caused by the nuclear spin baths. The technical challenge lies in the creation of an ESR square pulse of arbitrary amplitude.
